Abstract: This paper deals with the robust adaptive fault-tolerant compensation control problem for linear systems with actuator faults. By incorporating the matrix full-rank factorization technique with sliding surface design successfully, the total failure of certain actuators can be coped with, under the assumption that redundancy is available in the system. Without the need for a fault detection and isolation (FDI) mechanism, an adaptive sliding mode controller based on a new lemma is designed to maintain the sliding mode, where the gain of the nonlinear unit vector term is updated automatically to compensate the effects of actuator faults, and exogenous disturbances. The effectiveness of the proposed design method is illustrated via an example.
INTRODUCTION
One serious fault scenario that can cause severe performance deterioration of control systems is actuator faults [1] . Over the last few decades, the compensation of actuator faults has been an important and challenging research problem [2, 3] . The subsequent remarkable progress has been made with the passive approaches [4, 5] and the active approaches [6] [7] [8] .
On the other hand, parameter uncertainties and external disturbances are two further challenges to be addressed in the design of FTC systems [9, 10] . Fortunately, the insensitivity and robustness properties of sliding modes to certain types of disturbance and uncertainty [11] make it very attractive for FTC design especially in the area of flight control [12] [13] [14] [15] [16] [17] . As it is well known that sliding mode control (SMC), as employed in [13] , consists of two phases: the reaching phase (prior to the attainment of a sliding mode), followed by the reduced order sliding motion. During a sliding mode, the closed-loop system is inherently robust to faults in actuators which can be well modeled as matched uncertainties [14] . Whereas in the existing literature, most of the fault-tolerant control strategies are specifically developed for just one or two of the above fault models. This considerably limits the range of applicability of the most fault-tolerant control approaches in increasingly complex and demanding industrial or physical environments, where several kinds of faults may occur simultaneously.
The above considerations motivate the study in this paper. Specifically, this paper proposes an adaptive sliding mode scheme for compensation of actuator faults with a general actuator fault model including actuator outage, loss of effectiveness and stuck. First, the matrix full-rank factorization technique is introduced to construct a new sliding surface under an actuator redundancy. Based on some adaptive laws, the gain of the nonlinear unit vector term of the sliding mode controller is adjusted online to compensate for faults and perturbations without using an FDI mechanism. In order to satisfy the reachability condition of the sliding mode, a new lemma is given and proved. In terms of this important lemma and sliding mode control theory, the resulting robust adaptive closed-loop FTC system can be ensured to be quadratically stable even in the presence of actuator faults including outage.
The notations used throughout this paper are fairly standard.
denotes the -dimensional Euclidean space, × is the set of all × real matrices. In addition, means the unit matrix with appropriate dimensions, and for a matrix , denotes its transpose, a block diagonal matrix with matrices 1 , 2 , ⋅ ⋅ ⋅ , on its main diagonal is denoted as diag{ 1 , 2 , ⋅ ⋅ ⋅ , }, ∥ ⋅ ∥ represents Euclidean norm of vectors or matrices.
System description and problem statement
Consider a class of linear systems described by:
where ( ) ∈ is the state vector, ( ) ∈ is the control input, and ( ) ∈ is the external disturbance. , 1 , 2 are known real constant matrices with appropriate dimensions. 1 is assumed to satisfy the following matching condition:
Here, we formulate that the faults cover actuator outage, loss of effectiveness and stuck. Let represents the signal from the th actuator that has failed in the th fault mode. Then, we describe the following fault model [6] :
where = 1, ⋅ ⋅ ⋅ , , = 1, ⋅ ⋅ ⋅ , , and are unknown constants. The index denotes the th fault mode and is the total fault modes. For every fault mode, and represent the known lower and upper bounds of , respectively.
( ) is the unparametrizable bounded timevarying actuator stuck fault in the th actuator. Following the practical case, we have 0 ≤ ≤ ≤ ≤ 1 and is defined as
Note that, there is no fault on the th actuator in the th fault mode when = = 1. The case of = = 0 and = 0 means that the th actuator is outage in the th fault mode. When = = 0 and = 1 the stuck fault occurs on the th actuator in the th fault mode. When 0 < ≤ < 1, it corresponds to the case of partial degradation of the actuator in the th fault mode. Denote
Then, the sets with above structure are defined by
For convenience in the following sections, for all possible faulty modes , the following uniform actuator fault model is exploited:
where ∈ Δ and ∈ Δ , = 1, 2, ⋅ ⋅ ⋅ , . Hence, the dynamics of system (1) with actuator faults (6) is described bẏ
To ensure the achievement of the fault-tolerant objective, two standard requirements are that all the states of system are available at every instant for state feedback case, besides, the following assumptions in the FTC design are also made to be valid.
Assumption 2. The unparametrizable actuator stuck fault and external disturbance are piece-wise continuous bounded functions, that is, there exist unknown positive constants¯and¯such that
respectively. Assumption 3.
Assumption 4. In the presence of up to any − (1 ≤ ≤ − 1) actuators failures, the remaining functional actuators can still be used to implement control signals to achieve a desired control objective.
The design problem under consideration is to find a suitable sliding manifold and design an adaptive sliding mode fault tolerant control law such that the system (7) can be guaranteed to be quadratically stable even in the presence of actuator failures, unmatched uncertainties and disturbance effects.
To facilitate control system design, the following lemmas are presented and will be used in the later developments. [18] 
Lemma 1. (Projection Lemma)

Adaptive sliding mode controller design
In this section, we will use the matrix factorization technique to construct a new sliding surface, then a sliding mode controller based on above adaptive information is designed to maintain the sliding mode.
Sliding surface design and stability analysis
Suppose 2 can be factorized as
where ∈ × and 2 ∈ × both have rank < . Define the switching surface as follows:
where is an × matrix which should be designed to guarantee 2 is nonsingular and the reduced ( − ) order equivalent system restricted to the switching surface is asymptotically stable.
In the following, we will investigate the stability of the sliding motion on the given sliding surface ( ) = 0 in spite of actuator failures, unmatched uncertainties and disturbance effects. 
the ( − ) reduced-order dynamics (12) restricted to the switching surface ( ) = 0 is quadratically stable.
Proof. It is similar to the proof of [19] , so omitted here due to space limitation.
Adaptive sliding mode control law design
Now, an adaptive sliding mode fault-tolerant controller model is designed by
whereˆ0 is the estimate of an unknown positive parameter 0 = 1 and
is any positive scalar, = ( ), i.e., is the smallest eigenvalue of matrix , the parametersˆ, ,ˆare the estimate values of the fault effect factor , the upper bound of stuck fault¯, and the disturbance¯, respectively. To have a complete definition of the control law we will henceforth assume that ( ) = 0 if ( ) = 0.
In particular, the unknown positive constant 0 is estimated byˆ0 which is adjusted by the adaptive law such as˙0
where is designed in (14) . Moreover,
where = 1, ⋅ ⋅ ⋅ , , = 1, ⋅ ⋅ ⋅ , , 00 ,¯0, 0 and¯0 are bounded initial values ofˆ0,ˆ,ˆ,ˆ, respectively. The constants , 1 , 2 and 3 are the adaptive law gains to be chosen according to practical applications. Let˜0
Since 0 , ,¯,¯are unknown constants, the error systems can be written in the following equations:
In what follows, an important lemma is given based on which this paper will show that the control law (13) drives the system trajectory onto the linear sliding surface and maintains the trajectory on the sliding surface for all subsequent time, i.e. the reachability condition is satisfied.
Lemma 2. For the matrix full-rank factorization (9), there exists a positive constant , such that the following inequality
Proof. It is omitted due to space limitation.
Theorem 2.
For the closed-loop FTC system described by (7) satisfying Assumptions 1-3, the sliding manifold is given in (10) with > 0 satisfying LMI (11) . The sliding mode control law described in (13)- (14) with adaptive laws (15) - (16) Proof. For the closed-loop system (7), we choose the following Lyapunov function first
, which leads to the derivative of ( ) along system (7) as follows:
If Assumption 2 holds, the following inequalities can be obtained
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Combining (20) with (21), it is easy to see thaṫ
Further, one can geṫ
Taking the adaptive estimate error (17) into (22), one can obtain the following inequalitẏ
Further, adopting the controller formula (13), the following inequality holdṡ
∥ ∥, where = ( ), so we can rewrite the above inequality as followṡ
(24) If is chosen as the equation (14),˙( ) becomeṡ
Considering the adaptive laws given in (15), we have
Further, the adaptive laws (16) are adopted, we can obtain the inequality as followṡ = 2 ∥ ∥ is defined, integrating both sides of (25) from zero to yields
Taking the limit as → ∞ on both side of (26) gives
Thus ∈ ℒ 2 , applying Barbalat lemma to (27) yields
Since > 0 for all > 0, (28) implies ( ) → 0 as → ∞. Hence, the proof is completed.
Simulation results
To illustrate the effectiveness of the adaptive faulttolerant controller based on sliding mode control, a rocket fairing structural-acoustic model [6, 20] 
The conventional fixed-gain sliding mode fault tolerant controller in [16] cannot deal with actuator outate and timevarying stuck faults when ( 2 ) = 2 < 3, however, the proposed adaptive sliding mode fault tolerant controller in Theorem 2 still works well.
For the sake of verifying the effectiveness of proposed indirect adaptive approach, the following parameters and initial conditions are provided in the simulation: Fig. 1 Response curves of the system states using proposed adaptive SMC method.
To reduce the chattering phenomenon, the SMC law (13) is replaced by the following continuous approximation
The following faulty case is considered in the simulations, the actuator fault does not occur until = 15 , that is, the first actuator has stuck at 1 ( ) = 0.5 + 0.1 ( ), and the second actuator is loss of effectiveness 50% in the meantime. Fig. 1 reflects the state response curves of the closed-loop systems. Fig. 2 shows the estimates of unknown parameter 0 and , respectively. Fig. 3 reflects the estimates of upper bounds of¯and¯, respectively. It is easy to see that the estimates are convergent. Fig. 4 is the response curve of the sliding surface. 
Conclusion
In this paper, a new adaptive SMC approach to the robust fault-tolerant control problem for uncertain linear systems has been proposed. Matrix full-rank factorization technique is first used to construct a new sliding surface when actuator redundancy is available in the system. Then a new lemma is given and proved to design an adaptive sliding mode controller, where the gain of the nonlinear unit vector term is updated online to compensate for perturbations and actuator faults even certain total actuator failures directly without the need for a fault detection and isolation (FDI) mechanism. The simulation results have confirmed the effectiveness of the proposed method. Fig. 4 The responses curves of the sliding mode surface using the proposed adaptive SMC method.
